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SOME HADAMARD LIKE INEQUALITIES VIA CONVEX AND 
s-CONVEX FUNCTIONS AND THEIR APPLICATIONS FOR 

SPECIAL MEANS 



^ . MEVLUT TUNg 

u 

5— in' Abstract. In this study, the author establish some inequahties of Hadamard 

■^^ , hke based on convex and s-convexity in the second sense. Some applications 

■ to special means of positive real numbers are also given. 

in 



1. Preliminaries 
1.1. Definitions. 



< 

u 

C^ ' Definition 1. [15^ function / : / — > K. is said to be convex on I if inequality 

(1.1) / (tx + {l-t)y)< tf (x) + {l-t)f (y) 
holds for all x,y ^ I and t G [0, 1]. We say that f is concave if (— /) is convex. 

oo 

O' (1.2) f{tx + {l-t)y)<t^f{x) + {l-tYf{y), 



Geometrically, this means that if P, Q and R are three distinct points on the 
graph of / with Q between P and R, then Q is on or below the chord PR. 

Definition 2. 11 Let s G {0,1] . A function f : (0,oo] — > [0,oo] is said to be 
s- convex in the second sense if 



for all x,y € (0,&] andt£ [0,1]. This class of s-convex functions is usually denoted 
byKl 



S^ \ Certainly, s-convexity means just ordinary convexity when s = 1. 

.^: 1.2. Theorems. 

Theorem 1. The Hermite- Hadamard inequality: Let f : I C M. ^ M. be a 

convex function and u,v (z I with u < v. The following double inequality: 



is known in the literature as Hadamard' s inequality (or Hermite- Hadamard inequal- 
ity) for convex functions. If f is a positive concave function, then the inequality is 
reversed. 
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Theorem 2. [8^ Suppose that f : [0,oo) — > [0,oo) is an s— convex function in the 
second sense, where s S (0, 1], and let a, 6 G [0, od) , a < b. If f Cz Li ([0, 1]), then 
the following inequalities hold: 



(1.4) r-^f\—^\<f[:,)dx< 



V — u J„ s + I 



The constant k = -^ is the best possible in the second inequality in ^■4\ l- The 
above inequalities are sharp. If f is an s- concave function in the second sense, then 
the inequality is reversed. 

For recent results and generalizations concerning Hadamard's inequality and 
concepts of convexity and s-convexity see [I]-|20j and the references therein. 

Throughout this paper we will use the following notations and conventions. Let 
J = [0, oo) C M = (— oo, +oo) , and u,v £ J with Q < u < v and f'CzL [u, v] and 



A{u,v) = -^—,G{u,v)^^/uv,I{u,v) = -l — 

( t;P+l _ yP+1 \ 1/P 

L^(u,v) = \ , WT^w, peM, P7^-l,0 



be the arithmetic mean, geometric mean, identric mean, generalized logarithmic 
mean for m, u > respectively. 



2. Some new Hadamard like inequalities 
In order to establish our main results, we first establish the following lemma. 

Lemma 1. Let f : J ^)-R be a differentiate function on J° . If f E L [u, v] , then 

{v - x) {vf (v) - uf {x)) + {x-u) {vf [x) - uf {u)) _ 1 r . . ^ 
[v^uf v-uj^ ^^^' ^ 

= ^^~^\ I itu + (1 - t) v) f {tx + {l-t) v) dt 
{v — u) Jo 

^^x^-u)_ r ^^^ _^ (1 _ i) y) f {^tx + (1 - 1) u) dt 

{v — u) Jo 
for each t G [0, 1] and x G [u, v] . 
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Proof. Integrating by parts, we get 



— ]'^ /"^ 
^^-^ / {tu +{l-t) v) f [tx + {l-t) v) dt 
V — u) Jo 

(x-u? f^ 

-^ '- / {tv + (1 - t) u) f (tx + (1 - t) u) dt 

{v — u) Jo 



V — xY 



V — uY 

{x — u) 
{v — u) 

V — x) 



{tu+ (1 -t)v) 



f {tx + (1 - t) v) 



[u — v) 



' f{tx+(l-t)v) 



dt 



{tv + (1 - t) u) 



f (tx + (1 - t) u) 



X — u 
uf (x) — vf (f ) V — u 



~ {v — u) 

-^0 



1 / [tx + (1 - t) u) 



,2 / fi^^)dn 

(X — V) Jx 



V — u) 

(x — a) 

+ 2 

(v — u) 

(f — x) (vf (v) — uf (x)) + (x — u) (vf (x) — uf (u)) 1 



(X - U) Ju 



X — u 



(v — u) 



V — u 



f (m) d^l. 



dt 



D 



Theorem 3. Let f : J ^R be a differentiable function on J°. If \f'\ is convex on 
\u, v] , then 



(v - x) (vf (v) - uf (x)) + (x~u) (vf (x) - uf (u)) 1 



(v — u) 



< 



(v — x) 
6 (w — u)' 



(x — u) 



V — u 

2 



f (m) dfJ. 



[(2u + v) \f (x)\ + (u + 2v) \f (v)\] + ^ ^ [(u + 2v) \f (x)\ + (2u + v) |/' (u)\ 

b (v ^ u) 



for each x G [u, v] 
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Proof. Using Lemma [Hand from properties of modulus, and since |/'| is convex on 
\u, v] , then we obtain 



{v - x) {vf (v) - uf (x)) + {x - u) (vf (x) - uf (u)) 1 



2 rl 



< 



{v ~ x) 
{v — uY Ja 



{v — u) 
{tu + (1 - t) v) I/' (tx + (1 - t) v)\ dt 



f (p) dy. 



(x - uY f^ 

-f ^ / {tv + (1 - t) u) \f {tx + (1 - t) u)\ dt 

[v — u) Jo 



2 „1 



< 



(v — x) 
(v — uY Jo 



itu+il-t)v){t\f'{x)\ + il-t)\f'iv)\)dt 



S^^ f\tv + ii-t)u)it\fix)\ + ii-t)\r{u)\)dt 

(V — u) Jo 



{v — x) 
6 {v ~ u)' 



[i2u + v)\fix)\ + {u + 2v)\f{v) 



{x — u) 



6 (u — w) 
The proof is completed. 



[iu + 2v)\f'{x)\ + i2u + v)\fiu) 



D 



Theorem 4. Let f : J ^>- W be a dijjerentiable function on J° . If \f'\ is s-convex 
on [u, v] for some fixed s G (0, 1] , then 



{v - x) {vf {v) - uf {x)) + {x-u) {vf {x) - uf (u)) 1 



< 



{v- 


xY ■ 


{v- 

> 


uf[ 

-uf 



{v ~ u) ^ 

{{s + l)u + v) \f {x)\ + {u+{s + l) v) If (^)l 
(s + l)(s + 2) 

{u + {s + 1) v) I/' {x)\ + {{s + l)v + v) If {u)\ 



f {p) dn 



{v-uY L (s + l)(s + 2) 

for each x € [u, v] . 
Proof. The proof of Theorem |3] is similar to Theorem [31 



D 



Remark 1. In Theorem\^ if we take s — 1, then Theorem[^ reduces to Theorem 

m 

Corollary 1. In TheoremVR if we choose 



u+v 



2 , we get 
1 



vf {v) ~ uf {u) 1 f u + v 

2{v-u) 2^ \ 2 I v-u 



f (m) dn 



< 



1 



{{s + l)u + v) If (H±3i) \ + {u+{s + 1) v) If (i;)| 



1 

+ 4 



{s + 1) {s + 2) 

{u+{s + l)v)\f'{^)\+{{s + l)u + v)\f'{u)\ 
{s + l){s + 2) 
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Proposition 1. Let u,v £ J°, < u <v and s G (0, 1] , then 



(2.1) 



s + 1 1 

-^Ll {u, v) + -A' {u, v) - LI {u, v) 



\{s-l)LUu,v) + AUu,v)\ 

s s 

-A (ii.^v) + 

s + 2 



< —A [u, V) + —^A K, v^) + ^-^^1%^ A {u^-\v^-^) 



s + 1 



(s + l)(s + 2) 



Proof. The proof follows from Corollary [T] applied to the s-convex function / (a;) — 
x'^ . Equality in (12. ip holds if and only if s = 1. D 



Corollary 2. In CoroUary[Jl if we take \f'\ < M, we get 

1 



vf (v) - uf (u) 1 /' u + v 

2{v-u) 2*' V 2 / v-u 



f (m) d^i 



< M 



{u + v) 
2 (s + 1) 



Theorem 5. Let f : J ^ M be a differ entiable function on J°. If |/'|' is convex 
on [u, v] and q > I with 1/p + 1/q = 1, then 



{v - x) {vf (v) - uf (x)) + {x~u) {vf {x) - uf {u)) 1 



{v — u) 



< 



{v — x)^ 



{v — u) 
for each a; G [u,v 



Lp{u,v) 



\n^)v + \nvWY , {x-u) 



{v — u)' 



rLp {u,v) 



f (m) dfJ- 

\f{x)\'^ + \f{u)\''Y 



v — u 



Proof. Using Leninia[T]and using the well-known Holder's inequality and since |/'|' 
is convex on [u,v] , we establish 



(2.2) 



{v - x) {vf {v) - uf {x)) + {x-u) {vf {x) - uf (u)) 1 



2 „1 



< 



{v — x) 
{v — uY Jo 



{v — u) 
{tu + (1 - t) v) I/' {tx + (1 - t) v)\ dt 



V — u 



I {tj) dfJ. 



- ['' % f {tv + {l-t) u) I/' {tx + {l-t) u)\ dt 
{v — u) Jo 



< 



{v — x) 
{v — uY \Jo 
{x — u) 



{tu+{l-t)vfdt] / \f'{tx + {\-t)v)\'^dt 



{tv + {l-t)uYdt\ / \f'{tx+{l-t)u)\Ut 



{v - u) \Jo 
Since |/'|^ is convex on [u, v] , by Hadamard's inequality, we have 



(2.3) 

(2.4) 



\f{tx + {l-t)v)\'^dt < 



\f'{tx + {l-t)u)\''dt < 



\n^)\' + \f'(v)\' 



\f'{x)\'^ + \f'{u)\'^ 
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„P+1 _ ^(P+1 



It can be easily seen that 

(2.5) 

nl .1 

(tu+(l-t)vfdt= {tv + {l-t)uf dt - , 
10 Jo iv-u)ip+l) 

If expressions (|2.3p - (|2.5p are written in (|2.2p . we obtain 

{v - x) {vf (v) - uf (x)) + {x -u) {vf (x) - uf {u)) 1 



Ll{u,v) 



< 



{v ~ xY 
(v — uY 



Lp {u,v) 



{v — u) 

|/'(.T)r + |/'H|'V , (X-U) 



{v — u)' 



■Lp{u,v) 



f (m) dfJ- 

\f'i^)\' + \fiu)\'V 



V — u 



The proof is completed. 



D 



Theorem 6. Let / : J — >■ M be a differentiable function on J° . If j/'j"^ is s-convex 
on [u, v] for some fixed s G (0, 1] and q > 1 with 1/p + 1/q =^ 1, then 



{v - x) {vf (v) - uf (a;)) + {x - u) {vf {x) - uf {u)) 1 



< 



{v — x) 



^Lp {u,v) 



{v — u) 



s + 1 



{v — u)' 



{v — uY 
for each x G [u, v] . 

Proof. The proof of Theorem [6] is similar to Theorem [5j 

Corollary 3. In Theorem\^ 

i) if we take x = u or x — v, we get 



■Lp{u,v) 



f (m) dfJ. 

i/'(x)i'' + i/'(z.)rv 



V — u 
2 / I -f / I'^Ml I I -CI t„,\l1 



S + 1 



D 



(2.6) 



vf {v) - uf {u) 1 



/ (a*) dfJ- 



< Lp{u,v) 



\f'in)\' + \f'{vWY 



V — U V — u 

ii) if we take x — ^^^^ and since ( j^j 1 ' < 1, s G (0, 1] , we get 
vf{v) — uf{u) \ f u -\- v\ 1 



s + 1 



+ ./ 



/ (a^) dii 



(2.7$ M!mO 
(2.8$ 



2{v-u) 2 \ 2 J v-u 

i/'(^)r+i./'(«)rv , /^i/'(^)r+i/'(")rV 



4 
Lp{u,v) 



s + l 



f 



I fu + v 



I/' HI' 



/' 



s + 1 



, fu + v 



+ i./'(")r 



Proposition 2. Let u,v ^ J°, < u < v and s G (0, 1] , then 

\{s~l)Lliu,v) + A^u,v)\ 

Lp {u,v) / s \ 9 



< 



2 Vs + 1 



" + «\"-"%„,.-.,.VJf!i±i:V'-'%„..-«; 



Proof. The proof follows from (|2.7I) applied to the s-convex function / (a;) = x" . 
Equality in (12. ip holds if and only if s = 1 and u = v. D 
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Theorem 7. Let f : J -^ R be a dijferentiable function on J° . If \f'\'' is s-convex 
on [u, v\ for some fixed s S (0, 1] and q > 1, then 



(v - x) (vf (v) - uf {x)) + {x -u) {vf (x) - uf iu)) 1 



{v — u) 



< 



(v-x) 1 



(v — u)' 



A 1 {u,v) 



1 



is + 1) (s + 2) 
1 



(x~u) .11, , 

(v^uf ^ '\{s + l){s + 2) 



f (m) dfi 
{{{s + l)u + v) I/' (x)]" + {{s + l)v + u) \f iv)]" dt)' 

1 

' (((s + l)v + u) I/' (x)r + {{s + l)u + v) I/' {u)\' dt) ■■ 



for each x G [u, v] . 

Proof. Using Lemma [T] and the well-known power mean inequality and since |/'|' 
is s-convex on [u,v] , we establish 



{v - x) {vf (v) - uf (x)) + {x~ u) {vf (x) - uf (u)) 1 



2 „1 



< 



< 



{v — x) 
{v — uY Jo 

(v — xY 

{v — uY \Jo 



{v — u) 
{tu -t- (1 - t) v) I/' {tx +{l-t)v)\dt + 



V 



V — U 

2 „1 



/ (m) dfi 



{x — u) 
{v - uY Jo 



{tv + {l~t) u) I/' {tx -t- (1 - t) u)\dt 



{tu + (1 - t) v) dt 



{tu +{l-t) v) I/' {tx +{l-t) v)f dt 







■^^^{f {tv + {l-t)u)dt 
{v - u) \Jo 



{tv + (1 - t) u) \f {tx + (1 - t) u)!' dt 



< 



{v — xY 



2 1, {tu+{l-t) v) dt 
{x — u) 



{v — u) \Jo / \Jo 

^2 / ^1 \ 1-i / rl 



^tu +{l-t) V) {f \r (X)r + (1 - tY I/' {v)\') dt 



{v ~ u) \Jo 



{tv + {l-t)u)dt) / {tv + (1 - t) u) {t^ I/' (x)r + (1 - tY I/' (u)n dt 



{v — uY 



1-i 



{V-X) fu + v\-^f {S+1)U + V |^.(,)|.+ (^ + 1);+^ |^.(,)|.^, 



(s + l)(s + 2) 



{s + l){s + 2) 



{v — u) 



1-i 



{X-UY fu + vy-^ f {S+1)V + U |^,(^)|.^ (^+1)^ + ^ |^,(^)|.^, 



{s + l){s + 2) 



{s + l){s + 2) 



The proof is completed. 



D 
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Theorem 8. Let f : J ^ M be a differentiable function on J° . If \f'\'^ is convex 
on [u,v] and q > 1, then 



{v - x) {vf (v) ~ uf (x)) + {x-u) (vf (x) - uf (u)) 1 



< 



[v — uY 



{v — u) 

1 

1\ ' 



/ (m) dti 



^^^^^i-i {u,v)[^V {{2u + v)\f'{x)\' + {2v + u)\f'{v)\''dt) 



+ ^^^A'-Hu,v)(^-)\{2v + u)\nx)\'' + {2u + v)\nu)\'' dty 
(v - u) \o/ 

for each x G [u, v] . 

Proof. In Theorem [3 if we take s — 1, then the assertion is proved. 
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Corollary 4. In Theorem^ 

i) if we take x = u or x — v, we get 



{v-u){vf {v)-uf {u)) 1 



{v — u) 



f (m) dn 



< A^ 1 {u,v) 



1 



(s + l)(s + 2) 
ii) if we choose x ^ u or x — v and s = q = I, we get 



{{{s +i)u+v) \f {u)\' + {{s+i)v+ u) \f nr dt) 



{v - u) (vf (v) - uf (u)) 1 



{v — u) 



V — u 



f (m) d^i 



<l:{{2u + v)\f'{u)\ + {2v + u)\f'{v)\dt) 





Hi) if we take x — '^^^ and since I . , j^A , ^n j ' < 1, s e (0, 1] , we get 



vf jv) ~ uf (u) 1 l u + v \ _ 1 
2{v-u) 2-' \ 2 J v-u 



f (m) dfJ. 



(2.9) 

- i^'"^"' ")((. + !)'(. + 2) 

H — A i(u,v)\- — 

4 ^ ' '\{s + l){s + 2) 



{{s + l)u + v) 
{{s + l)v + u) 



f 



I f u + v 



2 

, ( u + v 



+ {{s+i)v+u)\nv)\ut 



+ {{s + l)u + v)\f'{u)\'dt 



(2.10) 
< -A^''^ {u,v)i{{s + l)u + v) 



f 



I ( u + v 



{{s + l)v + u)\f'{v)\Ut 



+ -A^ 9 (u,w) ( {{s + l)v + u) 



f 



I ( u + v 



+ {{s + l)u + v)\f'{u)\'dt 
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Proposition 3. Let u,v £ J°, < u <v and s G (0, 1] , then 

\{s-l)LUu,v) + A^u,v)\ 



< 



(s + l)(s + 2)29 



{{s + l)u + v) A(^-i)« {u, v) + {{s + l)v + u) v^'-^'>'idt 



(. + 1) (. + 2) 29 / (((s + 1) « + u) ^(^-i)« {u,v) + {{s + l)u + v) u^^-'^'^dt) ^ 
Proof. The proof follows from (12.91) applied to the s-convex function / (x) = a;*. D 

Theorem 9. Let / : J — > R 6e a dijferentiable function on J° . If |/'|' is s-concave 
on [u, v] for some fixed s G (0, 1] and q > 1 with 1/p + 1/q = 1, then 



{v - x) {vf (v) - uf (x)) + {x-u) (vf (x) - uf (u)) 1 



{v — u) 



f (p) dn 



< 



2 1 Lri fu, v) 



{v ~ u) 
for each x d [u, w] 



{v — x) 



f 



, f x + v 



+ {x — uY 



/' 



, I X + u 



Proof. Using Lemma [T] and using the Holder inequality and since |/'|^ is s-concave 
on [u, v\ and using the inequality (|1.4p . we establish 



{v - x) {vf (v) ~ uf (x)) + {x-u) {vf {x) - uf {u)) 1 



2 rl 



< 



< 



{v — x) 
{v — uY Jo 



{v — u) 
{tu +(l-t) v) I/' {tx +{l-t)v)\dt + 



V 



v — u 

2 1.1 



f (m) dfi 



{x — u) 
{v — uY Jo 



{tv + (1 - t) u) \f {tx + (1 - t) u)\dt 



2 / /•! 



{v — xY 

{v — uY \Jo 



{tu+{l-t)vfdt] / \f{tx+{l-t)v)\Ut 



i"' % (f {tv+{i-t)urdty ( f \f'{tx+{i-t)u)\ut 

{v - u) \Jo J \Jq 



< 



{v — xY 



Lp {u,v) 2 



{v — u)' 
The proof is completed. 



/' 



, f X + V 



" {x — u) ^ , , , „ 

+ 7 -2Lpiu,v)[2 

{v — u) 



f 



, f X + u 

2 
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Theorem 10. Let / : J — > M 6e a differentiable function on J° . If \f'\'^ is concave 
on [u, v\ and q > \ with 1/p + 1/q = 1, then 



{v - x) {vf {v) - uf {x)) + {x-u) {vf {x) - uf {u)) 1 



^ Lp {u, v) 
{v — u) 
for each a; G [u,v 



{v — x)^ 



f 



{v — u) 
I ( x + v 



f {p) dfx 



+ {x — u) 



f 



I I X + u 



10 
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Proof. Using Lemma [T] and using the Holder inequality and since |/'|' is concave 
on [u, v] and using Hadamard's inequality for concave functions, we complete the 
proof. Or, in Theorem [HI if we take s = 1, then the assertion is also proved. D 



Corollary 5. In Theorem\^ 

i) if we take x ~ u or x — v, we get 



{v-u){vf{v) -uf{u)) 



1 



(y-u) v-u 

ii) if we take x — ^^-^ , we get 

(2.11) 



/ (a^) dn 



< 2 1 Lp (u, v) 



r 



, I u + v 



vf [v) - uf {u) 1 / u + v 
2{v-u) 2'' V 2 



< 



2 1 Lp (m, v) 



f 



I f u + 'iv 



1 f 

/ fl,.\^.. 


v-u J^ 


KH-I ^P 


, fv + Su\ 


- 


V 4 J 





Proposition 4. Let u,v G J°, < u <v and s = 1, then 
V sin V — u sin u + 2 cos v ~ 2 cos u 



< 



Lp {u, v) 



V — u 

u + 3v 



+ sin(^ {u,v)) 
V + 3u 



Proof. The proof follows from (12. lip applied to the concave function / : [0,7r] — > 
[0,1], /(x) = since. D 
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